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(Spherical representations for certain Gelfand pairs)
Katsuhiko Kikuchi
Department of Mathematics, Kyoto University
$G$ (unimodular)Lie $K$ $G$ compact
$(G, K)$ Gelfand $G$ $K$
Banach $*$- $L^{1}(K\backslash G/K)$ Gelfand $(G, K)$
$G$ Lie $G$ Lie $N$ $K$ $G=K\ltimes N$
Heisenberg Heisenberg
Gelfand $G$
$(G, K)$ Gelfand $2step$ Lie $N$ , $N$
$K$ Lie $L$ $G=L\ltimes N$
$N$ $N\neq\{1\}$ Lie
$L$ compact Lie $L\neq K$ $(G, K)=(L\ltimes N, K)$
Heisenberg
$G$ unitary $\rho$ $(G, K)$ $K$
$K$ vector
$(G, K)$ Gelfand $K$ vector
1 $K$ vector
Gelfand $(L\ltimes N, K)$ $\rho$ $\phi$ $L,$ $K\ltimes N$
$\phi^{(L)}=\phi|_{L},$ $\phi^{(N)}=\phi|_{K\ltimes N}$ $L,$ $K\ltimes N$
$\phi^{(L)},$ $\phi^{(N)}$ Gelfand $(L, K),$ $(K\ltimes N, K)$ $\rho^{(L)},$ $\rho^{(N)}$
$(L, K),$ $(K\ltimes N, K)$ $\rho^{(L)},$ $\rho^{(N)}$
$(L\ltimes N, K)$
$A(1)\rho^{(L)},$ $\rho^{(N)}$ $(L, K),$ $(K\ltimes N, K)$
$(L\ltimes N, K)$ $\rho$ $\phi$ $L,$ $K\ltimes N$ $\phi|_{L},$ $\phi|_{K\ltimes N}$
$\rho^{(L)},$ $\rho^{(N)}$ $\phi^{(L)},$ $\phi^{(N)}$
$\rho$
(2) $\rho^{(L)},$ $\rho^{(N)}$ $L\ltimes N$ $\rho^{(L)}\otimes\rho^{(N)}$ multiplicity-free
$(L\ltimes N, K)$ (1)
$(L\ltimes N, K)$ $\rho^{(L)}\otimes\rho^{(N)}$ $\rho^{(L)}\otimes\rho^{(N)}$
$(L\ltimes N, K)$
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$N$ Lie $N$ unitary $\chi\in\hat{N}$
$(K\ltimes N, K)$ $\rho^{(N)}$
$\chi$ $L,$ $K$
$L_{\chi},$ $K_{\chi}$ $(L, K)$ $\rho^{(L)}$ $L_{\chi}$
$(L_{\chi}, K_{\chi})$ $(L\ltimes N, K)$
tensor
$N\wedge$ Heisenberg Lie $N$ unitary
$\pi\in N$ $\pi$ $L,$ $K$ $L,$ $K$
$(L, K)$ $\rho^{(L)}$ , $\pi$ $(K\ltimes N, K)$ $\rho^{(N)}$
$(L\ltimes N, K)$ $\rho^{(L)}$ $\pi$ intertwining $W_{\pi}$
$W_{\pi}$ tensor Gelfand
indecomposable, principal, $Sp(1)$-saturated 3 $N$
unitary Jordan $V$
“ “ vector vector $W$
tensor $V\oplus W$
$\mathcal{D}$ Harish-Chandra vector $V$
$\mathbb{T}\cross L$ $V\oplus W$ $\mathbb{C}[V\oplus W]$
indecomposable multiplicity-free 3
$V,$ $W,$ $\mathcal{D}$ $\mathcal{D}_{0}\subset V$
1
Gelfand $G$
unimodular Lie $\mu$ $G$ Haar $G$
Banach $L^{1}(G)=L^{1}(G, d\mu)$
Banach $*$-
$(f*g)(x)= \int_{G}f(xy^{-1})g(y)d\mu(y)$ , (11)
$f^{*}(x)=\overline{f(x^{-1})}$, (12)
$f,$ $g\in L^{1}(G),$ $x\in G$ $K\subset G$ compact
$G$ $K$ $L^{1}(G)$ vector $L^{1}(K\backslash G/K)$
$L^{1}(G)$ $*$ -
$L^{1}(K\backslash G/K)=\{f\in L^{1}(G);f(kxk’)=f(x)$ for all $x\in G,$ $k,$ $k’\in K\}$ . (1.3)
$(G, K)$ Gelfand $L^{1}(K\backslash G/K)$
Gelfand $(G, K)$ $L$ $K\subset L\subset G$
$(L, K)$ Gelfand $L$ compact $(G, L)$ Gelfand
Gelfand
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$1$ (Vinberg [V]) $G$ unimodular Lie $,$ $K$ $G$ compact
$(G, K)$ Gelfand $G$ $K$
$L$ $N$
(i) $N$ $2step$ Lie
(ii) $G$ $L$ $N$ $G=L\ltimes N$ $L$ $N$ $L\cross N\ni$
$(l, x)\mapsto l\cdot x\in N$
(iii) $N$ $x$ $L$ $l$ $K$ $k$ $l\cdot x=$
$k\cdot x$
$N=\{1\}$ , $G=L$ Lie Gelfand $(G, K)$
$L=K$ , $G$ $K$ $N$ Gelfand $(G, K)$ Heisenberg
$(G, K)=(L\ltimes N, K)$ Gelfand $(L, K)$
Gelfand $(K\ltimes N, K)$ Heisenberg Gelfand




$L,$ $K$ $\mathfrak{n}^{*}$ $f\in \mathfrak{n}^{*}$ $f$ $L,$ $K$
$L_{f},$ $K_{f}$ $K$ $(\mathfrak{l}/\mathfrak{k})^{*}$
$f\in(\mathfrak{l}/\mathfrak{k})^{*}$ $K$ $K_{f}$
$(G, K)=(L\ltimes N, K)$ Gelfand $G,$ $K$
Heisenberg Gelfand
2 (Yakimova [Yl]) $(L\ltimes N, K)$
$(L\ltimes N, K)$ Gelfand
(i) $\mathfrak{n}^{*}$ $(L_{f}, K_{f})$ Gelfand
(ii) $(\mathfrak{l}/\mathfrak{k})^{*}$ $(K_{f}\ltimes N, K_{f})$ Gelfand
Lie $G$ $G$ unitary $G$
unitary $\hat{G}$ $,$ $G$ unitary
$\rho$
$\mathcal{H}_{\rho}$ $G$ 2 unitary $\rho,$ $\tau$








$G$ unitary $\rho$ $(G, K)$
$\rho$




$(G, K)$ Gelfand $\rho\in\hat{G}$ $c(i_{K}, \rho|_{K})=1$
$\rho$
$\mathcal{H}_{\rho}$ norm $\langle\cdot,$ $\cdot\rangle_{\rho},$ $\Vert\cdot\Vert_{\rho}$
$K$ vector, $\rho(k)v=v(k\in K)$ ,
$\Vert v\Vert_{\rho}=1$ $v\in \mathcal{H}_{\rho}$ 1 1
$G$ $\phi$ : $Garrow \mathbb{C}$
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(i) $\int_{K}\phi(xky)dk=\phi(x)\phi(y),$ $x,$ $y\in G,$
(ii) $\phi(1_{G})=1,$
$dk$ $K$ Haar $1_{G}\in G$ $G$




$\phi$ $(G, K)$ Gelfand $G$
$\rho$ $\mathcal{H}_{\rho}$ $K$ vector $v\in \mathcal{H}$ $\phi_{\rho}(x)=\langle\rho(x)v,$ $v\rangle_{\rho}$
$(x\in G)$ $\phi_{\rho}$ $G$
$\phi_{\rho}$ $K$
vector $v\in \mathcal{H}_{\rho}$ $\phi_{\rho}$ $\rho$ $G$





$G$ 1 1 $G$
parameter $G$ parameter
( [H2] ).
Gelfand $(G, K)=(L\ltimes N, K)$ $\rho\in\hat{G}$
$\phi$ $L,$ $K\ltimes N$ $L,$ $K\ltimes N$







Gelfand $(G, K)$ Lie
$N$ compact Lie $K$ $G=K\ltimes N$
$G$ unitary $\rho\in\hat{G}$ Mackey
([M]). $\pi\in\hat{N}$ $N$ unitary
$k\in K$ $\pi_{k}(x)=\pi(k\cdot x)(x\in N)$ $\pi_{k}$ $N$
unitary $\ovalbox{\tt\small REJECT}\neq E$ $\pi_{kk^{J=}}(\pi_{k})_{k’}(k, k’\in K)$ , $\pi_{1_{K}}=\pi$
$K$ $\hat{N}$ $\pi\in\hat{N}$ $K$ $K_{\pi}$
$K_{\pi}=\{k\in K;\pi_{k}\sim\pi\}$ . (2.1)
$N$ Lie $\pi\in\hat{N}$ $K_{\pi}\subset K$ $K$
$k\in K_{\pi}$ $\pi$ $\pi_{k}$ unitary intertwining
$\pi$




$W_{\pi}$ $K_{\pi}$ $\mathcal{H}_{\pi}$ $(G, K)=(K\ltimes N, K)$
Gelfand 1 $N$ 2step $K$ compact
Lie $k\in K_{\pi}$ intertwining $W_{\pi}(k)$
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$W_{\pi}$ $K_{\pi}$ unitary
$K_{\pi}\ltimes N$ $G$ $(k, n)\in K_{\pi}\ltimes N$ $\pi W_{\pi}(k, n)=\pi(n)W_{\pi}(k)$
$\pi W_{\pi}$ $K_{\pi}\ltimes N$ $\mathcal{H}_{\pi}$ unitary $K_{\pi}$
unitary $T\in\hat{K}_{\pi}$ $T$ $T(k, n)=T(k)((k, n)\in K_{\pi}\ltimes N)$
$K_{\pi}\ltimes N$ unitary tensor $T\otimes\pi W_{\pi}$ $K_{\pi}\ltimes N$
unitary $T\otimes\pi W_{\pi}$ $G$ unitary $\rho_{\pi,T}$
$\rho_{\pi,T}=Ind_{K_{\pi}\ltimes N}^{G}(T\otimes\pi W_{\pi})$ . (2.3)
$\rho_{\pi,T}$
$G$ unitary $G$ unitary
$\pi\in\hat{N}$ $K$ $K_{\pi}$ intertwining $W_{\pi}$ unitary
Gelfand
3 (Carcano [C], Benson-Jenkins-Ratcliff [BJRI]) $N$ $2step$
Lie $K$ $N$ compact Lie
$(K\ltimes N, K)$ Gelfand $N$ unitary $\pi$
$K$ $K_{\pi}$ intertwining $W_{\pi}$ $W_{\pi}=\oplus c(T, W_{\pi})T$
$K_{\pi}$ unitary $T$ $c(T, W\pi)$ $\leq$ Tl $\in$ $K\hat{}\pi$
$(K\ltimes N, K)$ Gelfanad $\pi\in\hat{N}$
$W_{\pi}$ $K_{\pi}$ unitary $T$ 1
4 (Benson-Jenkins-Ratcliff [BJRI]) Gelfand $(K\ltimes N, K)$ $N$
unitary $\pi$ intertwining $W_{\pi}$ $W_{\pi}$
$\overline{W}_{\pi}=\bigoplus_{\alpha}T_{\alpha}$
. (2.4)
$K\ltimes N$ unitary $\rho_{\pi,\alpha}=Ind_{K_{\pi}}^{K\ltimes N}{}_{\ltimes N}T_{\alpha}\otimes\pi W_{\pi}$ $K\ltimes N$
$K\ltimes N$
Gelfand $(L\ltimes N, K)$
(1) $N$ Lie
(2) $L$ $N$ compact Lie
(3) $K$ $L$
$L$ compact $(L\ltimes N, L)$ Heisenberg Gelfand
1 $x\in N$ $x$ $L$ $L\cdot x\subset N$ $K$ $K\cdot x\subset N$
$\pi\in$ $N$ unitary $\pi$ $L,$
$K$ $L_{\pi},$ $K_{\pi}$ $L=KL_{\pi}$ , $K_{\pi}=K\cap L_{\pi}$
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$L_{\pi},$ $K_{\pi}$ intertwining $W_{\pi}^{L},$ $W_{\pi}^{K}$
$\overline{W}_{\pi}^{L},$ $\overline{W}_{\pi}^{K}$
$\overline{W}_{\pi}^{L}=\bigoplus_{\alpha}T_{\alpha}^{L}, \overline{W}_{\pi}^{K}=\bigoplus_{\alpha}T_{\alpha}^{K}, T_{\alpha}^{L}|_{K}=T_{\alpha}^{K}$ (2.5)
$(L\ltimes N, L),$ $(K\ltimes N, K)$
$(Ind_{L_{\pi}}^{L\ltimes N}{}_{\ltimes N}T_{\alpha}^{L}\otimes\pi W_{\pi}^{L})|_{K\ltimes N}\sim Ind_{K_{\pi}}^{K\ltimes N}{}_{\ltimes N}T_{\alpha}^{K}\otimes\pi W_{\pi}^{K}$ . (2.6)
$W_{\pi}^{L}$ $W_{\pi}^{K}$ , $T_{\alpha}^{L}$ $T_{\alpha}^{K}$
$W_{\pi},$ $T_{\alpha}$
$L\ltimes N$
Gelfand $(G, K)=(L\ltimes N, K)$ Lie $N$ compact
Lie $L$ $L$ $K$ $N$ $L^{1}$ $L^{1}(N)$
Banach $*$- ([Po]), $L$ compact $L^{1}(G)=L^{1}(L\ltimes N)$
Banach $*$- ([LP]). $L^{1}(K\backslash G/K)\subset L^{1}(G)$ $L^{1}(G)$
$*$ - Banach $*$- $G$
$L^{1}(K\backslash G/K)$ $\mathbb{C}$ ( )
$L^{1}(K\backslash G/K)$ Banach $*$- $L^{1}(K\backslash G/K)$ $\mathbb{C}$
$*$ $L^{1}(K\backslash G/K)$ 1 $*$- $L^{1}(K\backslash G/K)$
1 $*$- $L^{1}(G)$ $*$ - (
[Pa] ). $*$- $G=L\ltimes N$ unitary $\rho$




Gelfand $(L\ltimes N, K)$
$(L, K),$ $(K\ltimes N, K)$ Heisenberg Gelfand
$(L\ltimes N, K)$ $(L, K),$ $(K\ltimes N, K)$
$(L\ltimes N, K)$ Mackey
$\pi\in\hat{N}$ $N$ unitary $L_{\pi},$ $K_{\pi}$
$\pi$ $L,$ $K$ $W_{\pi}$ $L_{\pi},$ $K_{\pi}$ intertwining
$T\in\hat{L}_{\pi}$
$L_{\pi}$ unirtary $\rho$ $G=L\ltimes N$
unitary
$\rho=Ind_{L_{\pi}}^{L\ltimes N}{}_{\ltimes N}T\otimes\pi W_{\pi}$ . (3.1)
5 $\rho=Ind_{L_{\pi}}^{L\ltimes N}{}_{\ltimes N}T\otimes\pi W_{\pi}\in(L\ltimes N)^{\wedge}$ $(L\ltimes N, K)$
$c(T|_{K_{\pi}},\overline{W}_{\pi})=1$
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$(L\ltimes N, K)$ Gelfand $\rho\in(L\ltimes N)^{\wedge}$
$c(i_{K},\rho|_{K})=1$
$1=c(i_{K}, \rho|_{K})=c(i_{K}, (Ind_{L_{\pi}}^{L\ltimes N}{}_{\ltimes N}T\otimes\pi W_{\pi})|_{K})$
$=c(i_{K}, Ind_{K_{\pi}}^{K}(T|_{K_{\pi}}\otimes(\pi W_{\pi})|_{K_{\pi}}))=c(i_{K}, Ind_{K_{\pi}}^{K}(T|_{K_{\pi}}\otimes W_{\pi}))$
$=c(i_{K_{\pi}}, (T|_{K_{\pi}})\otimes W_{\pi})=c(T|_{K_{\pi}}, \overline{W}_{\pi})$ . (3.2)
$W_{\pi}$ multiplicity-free (2.4) $T_{\alpha}$
$c(T|_{K_{\pi}}, T_{\alpha})=1$
$1=c(T|_{K_{\pi}}, T_{\alpha})=c(i_{K_{\pi}}, (T|_{K_{\pi}})\otimes T_{\alpha})$ . (3.3)
$T$ $\mathcal{H}_{T}$ $\overline{W}_{\pi}$ $\overline{\mathcal{H}}_{\pi}$
$\pi$ $= \bigoplus_{\alpha}\mathcal{H}_{\alpha}$




$\mathcal{H}_{\rho}=\{\begin{array}{lllllll} f(lh)=(T\otimes W_{\pi})(h^{-1})(f(l)) f L arrow \mathcal{H}_{T}\otimes \mathcal{H}_{\pi} foralll\in L,h\inL_{\pi}||f||_{\rho}^{2}=\int_{L/L_{\pi}}||f(l)||_{\pi,T}^{2}d\dot{\mu}(i)< +\infty\end{array}\}$ , (3.4)
$i\in L/L_{\pi}$ $l\in L$ $\dot{\mu}$ $L/L_{\pi}$
$\Vert\cdot\Vert_{\pi,T}$ $\mathcal{H}_{T}\otimes \mathcal{H}_{\pi}$ norm $\rho=Ind_{L_{\pi}}^{L\ltimes N}{}_{\ltimes N}T\otimes\pi W_{\pi}$
$\rho(l, x)f(l’)=\pi(l^{\prime-1}\cdot x)f(l^{-1}l’), (l, x)\in L\ltimes N, l’\in L$ . (3.5)
$L$ $\mathcal{H}_{T}\otimes$
$\pi$
$f$ $D$ $\mathcal{H}_{\rho}$ $K$
$f(l)=v_{\pi,\alpha,T}, l\in L$ . (3.6)
$\Vert f\Vert_{\rho}=1$ $L\ltimes N$ $\phi$
$\phi(g)=\langle\rho(g)f, f\rangle_{\rho}, g\in L\ltimes N$, (3.7)
$\langle\cdot,$ $\cdot\rangle_{\rho}$ $\mathcal{H}_{\rho}$ $\phi$ $K\ltimes N$ $\phi^{(N)}=\phi|_{K\ltimes N}$
$K\ltimes N$ $K\ltimes N$ $\rho^{(N)}$ $\pi\in\hat{N}$ $T_{\alpha}$
$\rho_{\pi,\alpha}$
$(L\ltimes N, K)$ Gelfand $\rho$ $\mathcal{H}_{\rho}$
$K$ $\mathcal{H}_{\rho}$ vector $\mathcal{H}_{\rho}^{K}=\{v\in \mathcal{H}_{\pi};\rho(k)v=v$ for all $k\in$
$K\}$ 1 $\phi$ $L$ $\phi^{(L)}=\phi|_{L}$ $L$
$\phi^{(L)}$ $L$ $\rho^{(L)}$ $\rho^{(L)}$
$\rho$
$L$ $\rho|_{L}$ $\rho^{(L)}$ $\mathcal{H}_{\rho^{(L)}}$ $K$
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vector $\mathcal{H}_{\rho^{(L)}}^{K}=\{v\in \mathcal{H}_{\rho^{(L)}}$ ; $\rho^{(L)}(k)v=v$ for all $k\in K\}$
1 $c(\rho^{(L)}, \rho|_{L})=1$
$1=c(\rho^{(L)}, \rho|_{L})=c(\rho^{(L)}, (Ind_{L_{\pi}}^{L\ltimes N}{}_{\ltimesN}T\otimes\pi W_{\pi})|_{L})$
$=c(\rho^{(L)}, Ind_{L_{\pi}}^{L}T\otimes(\pi W_{\pi}|_{L_{\pi}}))=c(\rho^{(L)},Ind_{L_{\pi}}^{L}T\otimes W_{\pi})$
$=c(\rho^{(L)}|_{L_{\pi}}, T\otimes W_{\pi})=c(T, (\rho^{(L)}|_{L_{\pi}})\otimes\overline{W}_{\pi})$ . (3.8)
(2.4) $(\rho^{(L)}|_{L_{\pi}})\otimes\overline{W}_{\pi}$
$( \rho^{(L)}|_{L_{\pi}})\otimes\overline{W}_{\pi}\sim\bigoplus_{\alpha}((\rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha})$ . (3.9)
$\rho^{(L)}$
$\mathcal{H}_{\rho^{(L)}}$ $\mathcal{H}_{\rho}$ $L$ $\iota$ : $\mathcal{H}_{\rho^{(L)}}arrow \mathcal{H}_{\rho}$
$\iota(\mathcal{H}_{\rho^{(L)}}^{K})=\mathcal{H}_{\rho}^{K}$
$\{f\in \mathcal{H}_{\rho}$ ; $f(l)\in \mathcal{H}_{T}\otimes\overline{\mathcal{H}}_{\alpha}$ for all $l\in L\}$ . (3.10)
$1=c(\rho^{(L)}, Ind_{L_{\pi}}^{L}T\otimes\overline{T}_{\alpha})=c(\rho^{(L)}|_{L_{\pi}}, T\otimes\overline{T}_{\alpha})=c(T, (\rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha})$ . (3.11)
$T\in\hat{L}_{\pi}$ $(\rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha}$ 1 unitary
$\rho^{(L)},$ $T_{\alpha}$ $(\rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha}$
$L_{\pi}$ unitary
$(L, K),$ $(K\ltimes N, K)$ $\rho^{(L)},$ $\rho^{(N)}$
$\rho^{(N)}\in(K\ltimes N)^{\wedge}$ $N$ unitary $\pi\in\hat{N}$ , intertwining $W_{\pi}$
$W_{\pi}$ $T_{\alpha}\in\hat{K}_{\pi}$ $\overline{W}_{\pi}$
$T_{\alpha}$
$L_{\pi}$ $(\rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha}$ $T\in\hat{L}_{\pi}$
$1\leq c(T, (\rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha})=c(\rho^{(L)}|_{L_{\pi}}, T\otimes\overline{T}_{\alpha})=c(\rho^{(L)}, Ind_{L_{\pi}}^{L}T\otimes\overline{T}_{\alpha})$
$\leq c(\rho^{(L)}|_{L_{\pi}}, T\otimes W_{\pi})=c(\rho^{(L)}, Ind_{L_{\pi}}^{L}T\otimes W_{\pi})=c(\rho^{(L)}, Ind_{L_{\pi}}^{L}T\otimes(\pi W_{\pi})|_{L_{\pi}})$
$=c(\rho^{(L)}, (Ind_{L_{\pi}}^{L\ltimes N}{}_{\ltimes N}T\otimes\pi W_{\pi})|_{L})\leq 1.$




$1=c(T, (\rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha})=c(\rho^{(L)}|_{L_{\pi}}, T\otimes\overline{T}_{\alpha})$
$=c(\rho^{(L)}|_{L_{\pi}}, T\otimes W_{\pi})=c(T, (\rho^{(L)}|_{L_{\pi}})\otimes\overline{W}_{\pi})$ .
$(\rho^{(L)}|_{L_{\pi}})\otimes\overline{W}_{\pi}$ multiplicity-free $(\rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha}$
multuplicity-free $(\rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha}$
$( \rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha}=\bigoplus_{j}T_{j}$ . (3.12)
57
$\bigoplus_{j}(Ind_{L_{\pi}}^{L\ltimes N}{}_{\ltimes N}T_{j}\otimes\pi W_{\pi})\sim Ind_{L_{\pi}\ltimes N}^{L\ltimes N}(\bigoplus_{j}T_{j})\otimes\pi W_{\pi}$
$=Ind_{L_{\pi}\ltimes N}^{L\ltimes N}((\rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha})\otimes\pi W_{\pi}$
$\sim\rho^{(L)}\otimes(Ind_{L_{\pi}}^{L\ltimes N}{}_{\ltimes N}T_{\alpha}\otimes\pi W_{\pi})=\rho^{(L)}\otimes\rho^{(N)}.$
$(\rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha}$ $\rho^{(L)}\otimes\rho^{(N)}$
6(1) $\rho^{(L)},$ $\rho^{(N)}$ $(L, K),$ $(K\ltimes N, K)$ $\rho^{(N)}=\rho_{\pi,\alpha}$
$N$ unitary $\pi\in\hat{N}$ $\pi$ $K$ $K_{\pi}$ intertwining
$W_{\pi}$ $W_{\pi}$ $T_{\alpha}$ $W_{\pi},$
$L$ $L_{\pi}$ $(\rho^{(L)}|_{L_{\pi}})\otimes\overline{W}_{\pi},$ $(\rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha}$
multiplicity-free
(2) $T\in\hat{L}_{\pi}$ $(\rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha}$ $\rho=Ind_{L_{\pi}}^{L\ltimes N}{}_{\ltimes N}T\otimes\pi W_{\pi}$
$(L\ltimes N, K)$ $\phi^{(L)},$ $\phi^{(N)},$ $\phi$ $\rho^{(L)},$ $\rho^{(N)},$ $\rho$
$\phi|_{L}=\phi^{(L)}$ , $\phi|_{K\ltimes N}=\phi^{(N)}$
$(L\ltimes N, K)$ $\rho$ $(\rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha}$ $T$
$\rho=Ind_{L_{\pi}}^{L\ltimes N}{}_{\ltimes N}T\otimes\pi W_{\pi}$ $\rho$
(3) $\rho^{(L)},$ $\rho^{(N)}$ $L\ltimes N$ unitary $\rho^{(L)}\otimes\rho^{(N)}$
$(L\ltimes N, K)$ $(\rho^{(L)}|_{L_{\pi}})\otimes T_{\alpha}$
$\rho^{(L)}\otimes\rho^{(N)}$ $(L\ltimes N, K)$
4 $N$ Lie
Lie $N$
Lie $N$ unitary 1 $N$
unitary unitary $L\ltimes N$ unitary
$N$ unitary $\chi$ $\chi$ $L$ $L_{\chi}$
unitary $T$
$\chi=i\in$ $L,$ $K$ $L_{\chi},$ $K_{\chi}$
$L,$ $K$ intertwining $W_{\chi}$
$L$ unitary $T\in\hat{L}$ $L\ltimes N$
unitary $\rho=T\otimes\chi W_{\chi}$ $T$ 5 $\rho$
$c(T|_{K}, i_{K})=1$ , $T$ $(L, K)$
$\rho$ $(L, K)$ $T$
$\chi\in\hat{N}$ unitary
$L\neq L_{\chi},$ $K\neq K_{\chi}$ $(L\ltimes N, K)$ Gelfand 2
$(L_{\chi}, K_{\chi})$ Gelfand intertwining $W_{\chi}$
$L_{\chi}$ unitary $T\in\hat{L}_{\chi}$ $L\ltimes N$ unitary
$\rho=Ind_{L_{\chi}}^{L\ltimes N}{}_{\ltimes N}T\otimes\chi W_{\chi}\in(L\ltimesN)^{\wedge}$ 5
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$1=c(T|_{K_{\chi}}, \overline{W}_{\chi})=c(i_{K_{\chi}}, \tau|_{K_{\chi}})$ . (4.1)
$T$ $(L_{\chi}, K_{\chi})$
$\rho$






$\rho^{(L)}|_{L_{\chi}}$ multiplicity-free $N$ unitary
$\chi\in\hat{N}$
$\rho^{(N)}=\rho_{\chi}=Ind_{K_{\chi}\ltimes N}^{K\ltimes N}\chi$ $K\ltimes N$ $K\ltimes N$
$\rho^{(N)}$ $(L\ltimes N, L)$
6
7 $N$ Lie
(1) $\rho^{(L)}$ $(L, K)$ $\chi\in\hat{N}$ $N$ unitary $L_{\chi},$ $K_{\chi}$
$\chi$ $L,$ $K$ $\rho^{(L)}$ $L_{\chi}$
multiplicity-free $(L_{\chi}, K_{\chi})$
(2) $T\in\hat{L}_{\chi}$ $\rho^{(L)}|_{L_{\chi}}$ $\rho=Ind_{L}^{L\ltimes N}{}_{\ltimes N}T\otimes\chi$ $(L\ltimes N, K)$
$(L\ltimes N, K)$
(3) $\rho^{(L)}\otimes\rho_{\chi}$ $(L\ltimes N, K)$ $\rho^{(L)}|_{L_{\chi}}$
$\rho^{(L)}\otimes\rho_{\chi}$ $(L\ltimes N, K)$
$N$ unitary $\chi\in\hat{N}$ $\rho^{(L)}|_{L_{\chi}}$
$L$ $\rho^{(L)}$
$L_{\chi}$
Lie $H$ $\triangle(H)$ $H\cross H$
$\triangle(H)=\{(h, h)\in H\cross H;h\in H\}$ . (4.2)





$(L\ltimes N, K)$ $SO(4),$ $U(2)$ 2
$\tilde{L}=Sp(1)\cross Sp(1),\tilde{K}=U(1)\cross Sp(1)$ $N$ $N$
$\mathbb{H}$
$(q_{1}, q_{2})\cdot x=q_{1}xq_{2}^{-1}, (q_{1}, q_{2})\in Sp(1)\cross Sp(1), x\in \mathbb{H}$. (4.3)
$\tilde{L}/\tilde{K}\sim L/K\sim$ Sp(1) $/U(1)$ , $(\tilde{L}\ltimes N)/\tilde{K}\sim(L\ltimes N)/K$. (4.4)
$(\tilde{L}\ltimes N,\tilde{K})$ $(L\ltimes N, K)$ $\tilde{L}\ltimes N$ $L\ltimes N$
$L=$ Sp(1) $\cross$ Sp(1), $K=U(1)\cross$ Sp(1),
$N=\mathbb{H}$
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$L$ $\rho^{(L)}$ Sp(l) $2n+1$ unitary $\tau_{n}$ ( $n$ )
$\rho^{(L)}(q_{1}, q_{2})=\tau_{n}(q_{1}), q_{1}, q_{2}\in Sp(1)$ . (4.5)
$\chi\in\hat{N}$ unitary $\chi$ $L_{\chi}=L,$ $K_{\chi}=K$
$\rho^{(N)}=\rho_{\chi}$ $\rho^{(L)}\otimes\rho^{(N)}\sim\rho^{(L)}$ $\rho^{(L)}$
$(L\ltimes N, K)$ $\chi$ $L\ltimes N$
unitary $\chi\in\hat{N}$ $\hat{N}$ $L$
( $K$ )
$\hat{N}$ $L$ ( ) $r$
$\chi(x)=\chi_{r}(x)=e^{ir{\rm Re} x}, x\in \mathbb{H}$ , (4.6)
${\rm Re} x$ $x$ $x=x_{0}+x_{1}i+x_{2}j+x_{3}k\in \mathbb{H}(x_{0}, x_{1}, x_{2}, x_{3}\in \mathbb{R})$
${\rm Re} x=x_{0}$ $L_{\chi},$ $K_{\chi}$
$L_{\chi}=\triangle$ (Sp(1)) $=$ { $(q, q)\in$ Sp(1) $\cross$ Sp(1); $q\in$ Sp(1) } $\sim$ Sp(1), (4.7)
$K_{\chi}=\triangle(U(1))=\{(u, u)\in U(1)\cross Sp(1);u\in U(1)\}\sim U(1)$ . (4.8)
$(L_{\chi}, K_{\chi})\sim(Sp(1), U(1))$ Gelfand $\rho^{(L)}$ $L_{\chi}$ $\rho^{(L)}|_{L_{\chi}}$
$\rho^{(L)}|_{L_{\chi}}(q, q)=\tau_{n}(q),$ $q\in$ Sp(l). (4.9)
$\rho^{(L)}|_{L_{\chi}}$
$\chi$ $(L\ltimes N, L)$ $\rho^{(N)}$ $\rho_{\chi}=$
$Ind_{L_{\chi}\ltimes N}^{L\ltimes N}\chi$ $\rho^{(L)}\otimes\rho^{(N)}$ $(L\ltimes N, K)$ $\rho,$ $\rho^{(L)},$ $\rho^{(N)}$
$\phi,$ $\phi^{(L)},$ $\phi^{(N)}$ $\phi=\phi^{(L)}\phi^{(N)}$ $\phi^{(L)},$ $\phi^{(N)}$
Legendre Bessel $\phi$
Gelfand $r$ $(G_{j}, K_{j})$
$(1\leq i\leq r)$ $r$ Gelfand
$(G_{1}\cross\cdots\cross G_{r}, K_{1}\cross\cdots\cross K_{r})$ Gelfand $(G_{1}, K_{1})$ , . . . , $(G_{r}, K_{r})$
Gelfand $(G, K)$ indecomposable
$(G, K)$ 2 Gelfand $G_{1},$
$G_{2}\neq\{1\}$ Gelfand $(G_{1}, K_{1}),$ $(G_{2}, K_{2})$
Gelfand $(G, K)$ $G,$ $K$
$\mathbb{T}$ $\tilde{G}=\mathbb{T}^{t_{1}}\cdot G,\tilde{K}=\mathbb{T}^{t_{2}}\cdot K$ $(t_{1}, t_{2} )$
$(\tilde{G},\tilde{K})$ indecomposable Gelfand
Gelfand
$(L\ltimes N, K)$ Gelfand $L$
$Z(L)$ $L_{1},$ $\ldots$ , $L_{m}$ $L=Z(L)\cross L_{1}\cross\cdots\cross L_{m}$
$L$ $N$ $\sigma;Larrow$ Aut $(N)(Aut(N)$ $N$
) $P$ $Ker\sigma$ $P$ ineffective
kernel $N$ Lie $\mathfrak{n}$ ideal $[n, \mathfrak{n}]$ $L$
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$L$ $n/[\mathfrak{n}, n]$ $n/[\mathfrak{n}, \mathfrak{n}]=\mathfrak{w}_{1}\oplus\cdots\oplus \mathfrak{w}_{p}$
8 (Yakimova [Y2]) Gelfand $(L\ltimes N, K)$ principal
(i) $P$
(ii) $K$ $Z(K)$ $Z(K)=Z(L)\cross(L_{1}\cap Z(K))\cross\cdots\cross(L_{m}\cap Z(K))$
(iii) $Z(L)$ $C_{j}\subset$ $GL$ $(\mathfrak{w}_{j})(1\leq i\leq p)$ $C_{j}$ $Z(L)=$
$C_{1}\cross\cdots\cross C_{p}$
$L$ $L_{i}$ 1 $L^{i}$
$L$ $L_{i}$
$\pi_{i}$
9 (Yakimova [Y2]) Gelfand $(L\ltimes N, K)$ $Sp(1)$-saturated
(i) $K$ $K_{1}$ Sp(l) $P$
$K$ $K_{S}$ $P$ $K^{\Diamond}(P\cross K^{\Diamond}=K_{s}$ $K_{s}$
)
(ii) $L_{*}$ $\mathfrak{n}$ $x\in \mathfrak{n}$ $L$
$L_{i}\not\subset P$ $\pi_{i}(L_{*})=$ $L_{i}$ $K$
(iii) $L_{i}$ $Z(L)\cross L^{i}$ $\mathfrak{n}/[\mathfrak{n}, n]$
$\mathfrak{w}_{j}\subset n/[n, n]$ $L_{i}$ $(n/[\mathfrak{n}, \mathfrak{n}])/\mathfrak{w}_{j}$
$N$ Gelfand $(L\ltimes N, K)$ indecomposable, principal, Sp(1)$-$
satureted ([Y2]).
(1) $((\mathbb{T}\cross SU(2n))\ltimes \mathbb{C}^{2n}, \mathbb{T}\cross Sp(n)),$ $n\geq 2,$
(2) $(SO(2n)\ltimes \mathbb{R}^{2n}, U(n)),$ $n\geq 3,$
(3) (( $\mathbb{T}\cross SO(8)$ ) $\ltimes \mathbb{C}^{8};\mathbb{T}\cross$ Spin(7)),
(4) ($SO(8)$ $\ltimes \mathbb{R}^{8}$ , Spin(7)),
(5) $(SO(7)\ltimes \mathbb{R}^{7}, G_{2})$ ,
(6) (Spin(7) $\ltimes \mathbb{R}^{8},$ $SU(4)$ ),
(7) $((SO(n)\cross SO(n))\ltimes \mathbb{R}^{n}, \triangle(SO(n))),$ $n\geq 5,$
(8) $((\mathbb{T}\cross SU(n)\cross SU(n))\ltimes \mathbb{C}^{n};\mathbb{T}\cross\triangle(SU(n))),$ $n\geq 3,$
(9) $((Sp(m)\cross Sp(2)\cross Sp(2))\ltimes M(m, 2, \mathbb{H}), Sp(m)\cross\triangle(Sp(2)))$ .
G2 G2 compact Lie $L,$ $K$
$L_{8},$ $K_{s}$ (1), (3) $(L, K)$ $(L, K_{s})$ , $(L_{S}, K_{s})$
Gelfand
5 $N$ Heisenberg Lie
Lie $N$ Heisenberg Lie $n$
$2n+1$ Heisenberg Lie $H_{n}$
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$H_{n}=\mathbb{C}^{n}\cross \mathbb{R}$
$(z_{1}, t_{1})(z_{2}, t_{2})=(z_{1}+z_{2}- \frac{1}{2}{\rm Im}\langle z_{1}, z_{2}\rangle, t_{1}+t_{2}),$ $z_{1},$ $z_{2}\in \mathbb{C}^{n},$ $t_{1},$ $t_{2}\in \mathbb{R}$ , (5.1)
$\langle\cdot,$ $\cdot\rangle$ $\mathbb{C}^{n}$ $\omega\in \mathbb{C}$ ${\rm Im}\omega$ $\omega$
$H_{n}$ $Z(H_{n})$ $[H_{n}, H_{n}]$
Lie $\mathbb{R}$
$Z(H_{n})=[H_{n}, H_{n}]=\{(0, t)\in H_{n} ;t\in \mathbb{R}\}\sim \mathbb{R}$. (5.2)
$N=H_{n}$ unitary $\pi\in\hat{H}_{n}$ 1 $N=H_{n}$ 1
$\chi\in\hat{H}_{n}$ $N=H_{n}/\mathbb{R}$ unitary $\overline{N}$
Lie compact Lie $L$
$N=H_{n}$ $Z(N)=Z(H_{n})$ $L$ $L$
$L\ltimes N$ $Z(N)$ $(L\ltimes N)/Z(N)$ $L\ltimes$
$(L\ltimes N, K)$ Gelfand $(L\ltimes\overline{N}, K)$ Gelfand
$\overline{N}\sim \mathbb{C}^{n}$ $N=H_{n}$ 1 $\chi$
$(L\ltimes N, K)$ $N$
$\pi\in\hat{N}=\hat{H}_{n}$ $H_{n}$ $\pi\in\hat{H}_{n}$
$\pi$ $Z(H_{n})$ $\mathcal{H}_{\pi}$ $I_{\mathcal{H}_{\pi}}$ $\mathbb{R}$
unitary $\chi$ $\pi(0, t)=\chi(t)I_{\mathcal{H}_{\pi}}(t\in \mathbb{R})$ $\chi$
$\pi$ $\chi$




$\chi_{\lambda’}(\lambda, \lambda’\in \mathbb{R}\backslash \{0\})$ $\pi$ $\pi’$ $\lambda=\lambda’$
$\chi_{\lambda}$
$H_{n}$ unitary $\pi_{\lambda}$
$N$ unitary $\pi_{\lambda}$ Fock $\lambda>0$
Fock $\mathcal{H}_{\lambda}$
$\mathcal{H}_{\lambda}=\{f:\mathbb{C}^{n}arrow \mathbb{C}$ ; $\Vert f\Vert_{\lambda}^{2}=(\frac{\lambda}{2\pi})^{n}\int_{\mathbb{C}^{n}}|f(w)|^{2}e^{-\frac{\lambda}{2}\Vert w\Vert^{2}}dw<+\infty\}$ . (5.3)
$\Vert\cdot\Vert$ $\mathbb{C}^{n}$ norm $\mathbb{C}^{n}$ $\mathbb{R}^{2n}$
Lebesgue $\mathcal{H}_{\lambda}$ $\Vert\cdot\Vert_{\lambda}$ norm
Hilbert $\mathbb{C}^{n}$ vector $\mathbb{C}[\mathbb{C}^{n}]$ $\mathcal{H}_{\lambda}$
vector $\pi_{\lambda}$
$\pi_{\lambda}(z, t)f(w)=e^{it+\frac{\lambda}{2}(w,z\rangle-\frac{\lambda}{4}\Vert z\Vert^{2}}f(w-z),$ $f\in \mathcal{H}_{\lambda},$ $z,$ $w\in \mathbb{C}^{n},$ $t\in \mathbb{R}$ . (5.4)
$(\cdot,$ $\cdot\rangle$ $\mathbb{C}^{n}$ $\lambda<0$ $\mathcal{H}_{\lambda}=\mathcal{H}_{-\lambda}$
$\pi_{\lambda}$
$\pi_{\lambda}(z, t)=\pi_{-\lambda}(\overline{z}, -t), z\in \mathbb{C}^{n}, t\in\mathbb{R}$. (5.5)
$L$ compact Lie $H_{n}$ $H_{n}=\mathbb{C}^{n}\cross \mathbb{R}$
$\mathbb{C}^{n}$ $\mathbb{C}^{n}$
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$l\in L$ $l\cdot(z, t)=(l\cdot z, t)(z\in \mathbb{C}^{n}, t\in \mathbb{R})$ , $\Vert l\cdot z\Vert=\Vert z\Vert(z\in \mathbb{C}^{n})$
$\lambda>0$ $(\pi_{\lambda})_{l}$
$(\pi_{\lambda})_{l}(z, t)f(w)=\pi_{\lambda}(l\cdot z, t)f(w)$
$=e^{i\lambda t+\frac{\lambda}{2}\langle w,l\cdot z\rangle-\frac{\lambda}{4}|z\Vert^{2}}f(w-l\cdot z), z, w\in \mathbb{C}^{n}, t\in \mathbb{R}.$
$H_{n}$ unitary $(\pi_{\lambda})_{l}$ $\chi_{\lambda}$ $(\pi_{\lambda})_{l}$ $\pi_{\lambda}$
$\pi_{\lambda}$ $L,$ $K$ $L,$ $K$
$l\in L$ intertwining $W_{\pi_{\lambda}}(l)$
$W_{\pi_{\lambda}}(l)f(w)=f(l^{-1}\cdot w), f\in \mathcal{H}_{\lambda}, w\in \mathbb{C}^{n}$ . (5.6)
$W_{\pi_{\lambda}}(l)$ $\mathcal{H}_{\lambda}$ unitary $W_{\pi}\lambda(l)\pi_{\lambda}(z, t)W_{\pi}\lambda(l)^{-1}=(\pi_{\lambda})_{l}(z, t)$
$(z\in \mathbb{C}^{n}, t\in \mathbb{R})$ $W_{\pi_{\lambda}}$ $\mathcal{H}_{\lambda}$ unitary
$W_{\pi_{\lambda}}$ $\mathbb{C}[\mathbb{C}^{n}]$ $\lambda<0$






$L_{\pi}=L,$ $K_{\pi}=K$ $L\ltimes N$ unitary
$L$ unitary $T$ $\rho=T\otimes\pi W_{\pi}$ 5
$\rho$
$c(T|_{K}, \overline{W}_{\pi})=1$ . (5.7)
$(L\ltimes N, K)$ Gelfand $(K\ltimes N, K),$ $(L\ltimes N, L)$ Gelfand




10 $N=H_{n}$ $2n+1$ Heisenberg Lie ( $n$ ), $\pi\in\hat{N}=\hat{H}_{n}$
unitary
(1) $\rho^{(L)},$ $\rho^{(N)}$ $(L, K),$ $(K\ltimes N, K)$ $\rho^{(N)}=\rho_{\pi,\alpha}$ $\pi$
intertwining $W_{\pi}$ $\overline{W}_{\pi}$ $T_{\alpha}$
$\rho^{(L)}\otimes\overline{W}_{\pi},$ $\rho^{(L)}\otimes T_{\alpha}$ multiplicity-free
(2) $T\in\hat{L}$ $\rho^{(L)}\otimes T_{\alpha}$ $T\otimes\pi W_{\pi}$ $(L\ltimes N, K)$
$\phi$ $L,$ $K\ltimes N$ $\phi^{(L)}=\phi|_{L},$ $\phi^{(N)}=\phi|_{K\ltimes N}$
$(L, K),$ $(K\ltimes N, K)$ $\rho^{(L)},$ $\rho^{(N)}$
$(L\ltimes N, K)$ $\rho$
(3) $\rho^{(L)}\otimes\rho^{(N)}$ $(L\ltimes N, K)$ $T\otimes T_{\alpha}$
$\rho^{(L)}\otimes\rho^{(N)}$ $(L\ltimes N, K)$
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$N=H_{n}$ $2n+1$ Heisenberg Lie indecomposable,
principal, $Sp(1)$ -satureted Gelfand $(L\ltimes N, K)$
$([Y2])$ .
(1) $((\mathbb{T}\cross SU(2n))\ltimes H_{2n}, \mathbb{T}\cross Sp(n)),$ $n\geq 2,$
(2) (( $\mathbb{T}\cross$ Spin(8) ) $\ltimes H_{8},$ $\mathbb{T}\otimes$ Spin(7)),
(3) $((\mathbb{T}\cross SU(n)\cross SU(n))\ltimes H_{n}, \mathbb{T}\cross\triangle(SU(n))),$ $n\geq 3.$
(1) $L,$ $K$ $L_{s},$ $K_{s}$ $(L, K)$
$(L, K_{s}),$ $(L_{s}, K_{s})$
3 Gelfand $L/K_{s}$
$\mathcal{D}_{0}$ Shilov $\Sigma$ $\mathcal{D}_{0}$
$\mathcal{D}$ $\mathbb{C}$ (Jordan )
vector $V$ vector $W$ $D_{0}\subset V$ $\mathbb{C}$
vector $V\oplus W$ $\mathcal{D}$ Harish-Chandra
vector $V\oplus W$ Hermite Jordan 3
( [FK][S] ).
$V$ $L$ $V$ $\mathbb{C}[V]$
1
$h\in \mathbb{C}[V]$ $h$ $L_{s}$ $\mathbb{C}[V]$
$L_{s}$ $\mathbb{C}[V]$ $h$ 1
$\mathbb{C}[h]$ $V$ $L$




Harm[V] $=\{f\in \mathbb{C}[V];h(\partial)f=0\}$ . (5.9)
vector $V$ $\mathbb{C}[V]$ $L_{s}$
vector Harm[V] tensor
$\mathbb{C}[V]=\mathbb{C}[h]\otimes$ Harm$[V]$ . (5.10)





$(L, K)$ $L/K$ 2 Hilbert $L^{2}(L/K)$
$L/K$ $L_{s}/K_{s}$ $(L, K),$ $(L, K_{s}),$ $(L_{S}, K_{s})$
Gelfand $(L, K)$ $L_{s}$ $L^{2}(L_{s}/K_{s})$
$(L_{s}, K_{S})$ $L$
$L^{2}(\Sigma)$ $V$ ( ) $\mathbb{C}[V]$ vector
$h$ $(L_{s}, K_{s})$
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$(L, K_{s})$ $L_{s}$ $L^{2}(\Sigma)$
$L_{S}$ $\Sigma_{1}\sim L_{s}/K_{s}$ 1







$N$ unitary $\lambda>0$ (5.3)
Fock $\mathcal{H}_{\pi}=\mathcal{H}_{\lambda}$ (5.4), (5.5) $\pi=\pi_{\lambda}$ ,
$\pi_{-\lambda}$ $\mathcal{H}_{\pi}$ $W$ $C[W]$
vector $\mathbb{C}[W]$ $\pi$ $L$ intertwining
$\ovalbox{\tt\small REJECT}$




$\overline{W}_{\pi}$ $W$ vector $\overline{W}$ $\overline{\mathcal{H}}_{\pi}$
$\overline{W}$ Hilbert $\mathbb{C}[W]$ $\overline{W}$
vector $\mathbb{C}[\overline{W}]$ $\overline{W}_{\pi}$ $\overline{W}$
$L$
$\pi$ $(L\ltimes N, K)$
Harm[V] $\otimes \mathbb{C}[\overline{W}]$ $\mathbb{T}$ $V$
$\mathbb{T}\cross L$ $\mathbb{C}[V\oplus\overline{W}]=\mathbb{C}[V]\otimes \mathbb{C}[\overline{W}]$
multiplicity-free Harm $[V|\otimes \mathbb{C}[\overline{W}]$ $\mathbb{C}[V\oplus\overline{W}]$
$L$ $V\oplus\overline{W}$ Hermite Jordan
3 $V\oplus W$ $L$ $(L\ltimes N, K)$








weight $\lambda_{\beta}$ weight $\overline{\lambda}_{\beta}$ weight
vector $\rho_{\beta}^{(L)}$
$\pi\in\hat{N}$
$(L\ltimes N, K)$ $\overline{Harm[V]}\otimes\overline{\mathbb{C}[W]}$
parametrize Harm$[V|\otimes \mathbb{C}[W]$ Harm$[V]\otimes \mathbb{C}[W]$
vector $H$arm $[V]\otimes \mathbb{C}[W]$ $\pi\in\hat{N}$
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$(L\ltimes N, K)$ $Harm[V]\otimes \mathbb{C}[W]$
$\mathbb{C}[V]\otimes \mathbb{C}[W]$
$\mathbb{C}[V|\otimes \mathbb{C}[\overline{W}]$
2. $(L\ltimes N, K)=((\mathbb{T}\cross SU(n)\cross SU(n))\ltimes H_{n}, \mathbb{T}\cross\triangle(SU(n)))(n\geq 3)$ .
$L$ $\mathbb{C}^{n}$
$(t, k_{1}, k_{2})z=tk_{1}z, t\in \mathbb{T}, k_{1}, k_{2}\in SU(n), z\in \mathbb{C}^{n}.$
$V,$ $W,$ $\mathcal{D},$ $\mathcal{D}_{0}$
$V=M(n, \mathbb{C}), W=\mathbb{C}^{n}, V\oplus W=M(n, n+1, \mathbb{C})$ ,
$\mathcal{D}\sim SU (n, n+1)/S(U(n)\cross U(n+1))$ ,
$\mathcal{D}_{0}\sim SU (n, n)/S(U(n)\cross U(n))$ .
$\mathcal{D}$ $I_{n,n+1}$ (AIII ) $\mathcal{D}_{0}$ $I_{n,n}$ (AIII )
( [Hl][S] ). $V$
Harm$[M(n, \mathbb{C})]=\{f\in \mathbb{C}[M(n, \mathbb{C})];\det(\partial)f=0\},$
$\mathbb{C}[M(n, \mathbb{C})]=\mathbb{C}[\det]\otimes$ Harm$[M(n, \mathbb{C})].$
$\mathbb{T}\cross L=\mathbb{T}^{2}\cross$ $SU$ $(n)\cross$ $SU$ $(n)$ $\mathbb{C}[M(n, \mathbb{C})\oplus \mathbb{C}^{n}]=\mathbb{C}[M(n, \mathbb{C})]\otimes \mathbb{C}[\mathbb{C}^{n}]$
multiplicity-free ([BR][L]). $\mathbb{T}^{2}$ 1 $\det$
$L$ Harm$[M(n, \mathbb{C})]\otimes \mathbb{C}[\mathbb{C}^{n}]$
multiplicity-free $N=H_{n}$ unitary
$(L\ltimes N, K)$ Harm $[M(n, \mathbb{C})]\otimes \mathbb{C}[\mathbb{C}^{n}]$ parametrize
$\mathbb{T}\cross L=\mathbb{T}^{2}\cross$ $SU$ $(n)\cross$ $SU$ $(n)$ $\mathbb{C}[M(n, \mathbb{C})\oplus\overline{\mathbb{C}^{n}}]=\mathbb{C}[M(n, \mathbb{C})]\otimes \mathbb{C}[\overline{\mathbb{C}^{n}}]$
multiplicity-free ([BR] [L]), Harm $[M(n, \mathbb{C})]\otimes \mathbb{C}[\overline{\mathbb{C}^{n}}]$
parametrize $\mathbb{T}^{2}\cross$ $SU$ $(n)\cross$ $SU$ $(n)$ $\mathbb{C}[M(n, \mathbb{C})\oplus \mathbb{C}^{n}]$
$\mathbb{C}[M(n, \mathbb{C})\oplus\overline{\mathbb{C}^{n}}]$ ([K]).
3. $(L\ltimes N, K)=((\mathbb{T}\cross SU(2n))\ltimes H_{2n}, \mathbb{T}\cross Sp(n)),$ $(n\geq 2)$ .
$V,$ $W,$ $\mathcal{D},$ $\mathcal{D}_{0}$
$V=$ Alt $(2n, \mathbb{C})=\{X\in M(2n, \mathbb{C});tX=-X\},$ $W=\mathbb{C}^{2n},$
$V\oplus W=$ Alt $(2n+1, \mathbb{C})=\{X\in M(2n+1, \mathbb{C});tX=-X\},$
$\mathcal{D}\sim SO^{*}(4n+2)/U(2n+1)$ ,
$\mathcal{D}_{0}\sim SO^{*}(4n)/U(2n)$ .
$\mathcal{D}$ $II_{2n+1}$ (DIII ) $\mathcal{D}_{0}$ $II_{2n}$ (DIII )
( [Hl][S] ). $V$ Pfaffian
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Pf
Harm[Alt $(2n, \mathbb{C})$ ] $=\{f\in \mathbb{C}[Alt(2n, \mathbb{C})]; Pf(\partial)f=0\},$
$\mathbb{C}[Alt(2n, \mathbb{C})]=\mathbb{C}[Pf]\otimes$ Harm$[Alt(2n, \mathbb{C})].$
$\mathbb{T}\cross L=\mathbb{T}^{2}\cross$ $SU$ $(2n)$ $\mathbb{C}[Alt(2n, \mathbb{C})\oplus \mathbb{C}^{2n}]=\mathbb{C}[$Alt $(2n, \mathbb{C})]\otimes \mathbb{C}[\mathbb{C}^{2n}]$
multilicity-free ([BR] [L]). $\mathbb{T}^{2}$ 1
Pf $L$ Harm[Alt $(2n, \mathbb{C})$ ] $\otimes$
$\mathbb{C}[\mathbb{C}^{2n}]$ multiplicity-free $N=H_{2n}$ unitary
$\pi$ $(L\ltimes N, K)$ Harm $[$Alt $(2n, \mathbb{C})]\otimes \mathbb{C}[\mathbb{C}^{2n}]$
parametrize 2 $\mathbb{T}\cross L=\mathbb{T}^{2}\cross$ $SU$ $(2n)$
$\mathbb{C}[$Alt $(2n, \mathbb{C})\oplus\overline{\mathbb{C}^{2n}}]=\mathbb{C}[$Alt $(2n, \mathbb{C})]\otimes \mathbb{C}[\overline{\mathbb{C}^{2n}}]$ multiplicity-free
([BR] [L]), Harm $[$Alt $(2n, \mathbb{C})]\otimes \mathbb{C}[\overline{\mathbb{C}^{2n}}]$ parametrize
$\mathbb{T}^{2}\cross$ $SU$ $(2n)$ $\mathbb{C}[Alt(2n, \mathbb{C})\oplus \mathbb{C}^{2n}]$
$\mathbb{C}[Alt(2n, \mathbb{C})\oplus\overline{\mathbb{C}^{2n}}]$ ([K]).
4. $(L\ltimes N, K)=$ (( $\mathbb{T}\cross$ Spin(8)) $\ltimes H_{n},$ $\mathbb{T}\cross$ Spin(7)). $V,$ $W,$
$\mathcal{D},$ $\mathcal{D}_{0}$
$V=\mathbb{C}^{8}, W=\mathbb{C}^{8}, V\oplus W=\mathbb{C}^{8}\oplus \mathbb{C}^{8},$
$\mathcal{D}\sim E_{6(-14)}/$ ( $\mathbb{T}$ . Spin(10)),
$\mathcal{D}_{0}\sim SO_{0}(2,8)/(SO(2)\cross SO(8))$ .
$E_{6(-14)}$ $E_{6}$ compact Lie $\mathcal{D}$ V (EIII )
$\mathcal{D}_{0}$ $IV_{8}$ (BDI ) ( [S] ).
$V$ $V$ 2 $R^{2}$
$R^{2}(\partial)$ Laplacian $\Delta$
Harm $(\mathbb{C}^{8})=\{f\in \mathbb{C}[\mathbb{C}^{8}];R^{2}(\partial)f=\Delta f=0\},$
$\mathbb{C}[\mathbb{C}^{8}]=\mathbb{R}[R^{2}]\otimes$ Harm $[\mathbb{C}^{8}].$
Spin(8) $\mathbb{C}^{8}\oplus \mathbb{C}^{8}$ 1 $SO(8)$ 2
spin $\mathbb{T}\cross$ Spin(8) $\mathbb{C}[\mathbb{C}^{8}\oplus \mathbb{C}^{8}]=$
$\mathbb{C}[\mathbb{C}^{8}]\otimes \mathbb{C}[\mathbb{C}^{8}]$ multiplicity-free $\mathbb{T}^{2}$ 1
$R^{2}$ $W=\mathbb{C}^{8}$ $L_{s}$
2 $R_{2}^{2}$ $\mathbb{T}^{2}$ 2
$L$ Harm $[\mathbb{C}^{8}]\otimes \mathbb{C}[\mathbb{C}^{8}]$ multiplicity-free
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